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a b s t r a c t
In this paper, the Exp-function method is generalized to construct N-soliton solutions of
the (2 + 1)-dimensional variable-coefficient Broer–Kaup (vcBK) system. As a result, new
and more general 1-soliton, 2-soliton and 3-soliton solutions with arbitrary functions are
obtained, fromwhich theuniform formulae ofN-soliton solutions are derived. Based onone
of the obtained 2-soliton solution, the fission and fusion phenomena between the peakons
and solitary waves are investigated. It is shown that the Exp-functionmethodmay provide
us with a straightforward, effective and alternative mathematical tool for generating
N-soliton solutions of nonlinear evolution equations in mathematical physics.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Since the soliton phenomena were first observed by John Scott Russell in 1834 and the KdV equation was solved by
the inverse scattering method in 1967 [1], finding exact solutions of nonlinear evolution equations (NLEEs) has become
one of the most exciting and active areas of research investigation. In the past several decades, both mathematicians and
physicists havemademany significantwork in this direction and presented some effectivemethods, such asHirota’s bilinear
method [2], Bäcklund transformation [3], Painlevé expansion [4], tanh method [5] sine–cosine method [6], homogeneous
balance method [7], Jacobi elliptic function expansion method [8], Fan sub-equation method [9] and variational iteration
method [10].
The Exp-function method [11] proposed by Ji-Huan He and Xu-Hong Wu in 2006 provides us with a straightforward
and effective method for obtaining generalized solitary wave solutions and periodic solutions of NLEEs. The method
has been applied to many kinds of equations like the double sine-Gordon equation [12], Burgers equation [13], Mac-
cari’s system [14], Klein–Gordon equation [15], combined KdV–mKdV equation [16], variant Boussinesq equations [17],
Broer–Kaup–Kupershmidt equations [18], variable-coefficient equations [19–21], high-dimensional equations [22–24] and
discrete equations [25–27]. Recently, Dai et al. [28–30] generalized the Exp-function method to solve stochastic equations.
Zhang [31] improved the Exp-functionmethod to obtain not only generalized solitary wave solutions and periodic solutions
but also rational solutions. These studies show that the Exp-functionmethod is straightforward, concise, and its applications
are promising.
As Wazwaz [32] pointed out that the investigation of N-soliton solutions of NLEEs is a new direction in nonlinear
science.With the development of computer science, recently, directly constructingN-soliton solutions have attractedmuch
attention. This is due to the availability of symbolic computation systems like Mathematica or Maple which enable us to
perform the complex and tedious computation on computers. Dai et al. [33] obtained some 3-soliton solutions to the
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(2+ 1)-dimensional potential Boiti–Leon–Manna–Pempinelli (BLMP) equation via the three-wave method. Marinakis [34]
generalized the Exp-function method and obtained 1-soliton, 2-soliton and 3-soliton solutions of the famous KdV equation.
Zhang and Zhang [35] obtained N-soliton solutions for the KdV equation with variable coefficients by further improving
Marinakis’ work. In a more recent work [36], with the help of Hermite transformation and white noise theory, Dai and
Zhang extended the Exp-function method to the Wick-type stochastic KdV equation and found a 2-soliton solution.
In the present paper, wewould like to extend the Exp-functionmethod for constructing new andmore general N-soliton
solutions of the (2+ 1)-dimensional vcBk system [37]
uyt − α(t)[uxxy − 2(uux)y − 2vxx] = 0,
vt + α(t)[vxx + 2(uv)x] = 0, (1)
where α(t) is an arbitrary nonzero function of time t . It is evident that when α(t) = 1, system (1) becomes the well
known (2+1)-dimensional Broer–Kaup (BK) system,whichmay be derived from the inner-parameter-dependent symmetry
constraint of the Kadomtsev–Petviashvili (KP) model [38]. When α(t) = −1, system (1) becomes the (2+ 1)-dimensional
dispersive water-wave system [39].When y = x, system (1) is reduced to the usual (1+1)-dimensional BK system, which is
often used to describe the propagation of longwaves in shallowwater [40]. Using some suitable dependent and independent
variable transformations, Chen and Li [41] proved that system (1) can be further transformed to the three dispersive long
wave equation and three dimensional Ablowitz–Kaup–Newell–Segur (AKNS) system.
The rest of this paper is organized as follows. In Section 2, we give the description of the Exp-function method [35]
for constructing N-soliton solutions of NLEEs. In Section 3, we generalize and use the method [35] to solve system (1) by
introducing a new and more general ansatz. In Section 4, some conclusions and discussions are given.
2. Basic idea of the Exp-function method for N-soliton solutions of NLEEs
In this section, we recall the Exp-function method [35] for N-soliton solutions of NLEEs. For a given NLEE, say, in two
variables x and t:
P(u, ut , ux, utx, utt , uxx, . . . , ) = 0, (2)
the Exp-function method for 1-soliton solution is based on the assumption:
u(x, t) =
p1∑
i1=0
ai1e
i1ξ1
q1∑
j1=0
bj1ej1ξ1
, ξ1 = k1x+ c1t + w1, (3)
where ai1 , bj1 , k1, c1 andw1 are unknown constants, the values of p1 and q1 can be determined by balancing the linear term
of highest order in Eq. (2) with the highest order nonlinear term.
In order to seek N-soliton solutions for integer N > 1, we generalize Eq. (3) to the following form:
u(x, t) =
p1∑
i1=0
p2∑
i2=0
· · ·
pN∑
iN=0
ai1i2···iN e
N∑
g=1
ig ξg
q1∑
j1=0
q2∑
j2=0
· · ·
qN∑
jN=0
bj1j2···jN e
N∑
g=1
jg ξg
, ξg = kgx+ cg t + wg , (4)
given the value of N = 2, it becomes:
u(x, t) =
p1∑
i1=0
p2∑
i2=0
ai1 i2e
2∑
g=1
ig ξg
q1∑
j1=0
q2∑
j2=0
bj1j2e
2∑
g=1
jg ξg
, (5)
which can be used to construct 2-soliton solution.
When N = 3, Eq. (4) changes into:
u(x, t) =
p1∑
i1=0
p2∑
i2=0
p3∑
i3=0
ai1 i2 i3e
3∑
g=1
ig ξg
q1∑
j1=0
q2∑
j2=0
q3∑
j3=0
bj1j2j3e
3∑
g=1
jg ξg
, (6)
which can be used to obtain 3-soliton solution.
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Substituting Eq. (5) into Eq. (2), and usingMathematica, then equating to zero each coefficient of the same order power
of the exponential functions yields a set of equations. Solving the set of equations, we can determine the 2-soliton solution,
and the following 3-soliton solution by means of Eq. (6), provided they exist. If possible, we may conclude with the uniform
formula of N-soliton solutions for any N ⩾ 1.
3. New N-soliton solutions of the (2+ 1)-dimensional vcBK system
Let us consider in this section the (2 + 1)-dimensional vcBK system (1). We suppose that u and v in system (1) have a
relation [42–44]
v = uy, (7)
then system (1) can be reduced into the following form
uyt + α(t)[2(uux)y + uxxy] = 0. (8)
Integrating Eq. (8) once with respect to y and setting the integration function as zero, we obtain
ut + α(t)(2uux + uxx) = 0. (9)
With help of Eqs. (7) and (9), in what followswe use themethod described in Section 2 to constructN-soliton solutions of
system (1). Without losing generality, we generalize ansatz (4). To begin with, we suppose that Eq. (9) admits the 1-soliton
solution of the general form
u(x, y, t) = a1(y)e
ξ1
1+ b1(y)eξ1 + η1(y) , (10)
where ξ1 = k1(y)x+ p1(y)q1(t)+ w1(y), a1(y), b1(y), k1(y), p1(y),w1(y), η1(y) and q1(t) are undetermined functions of y
and t respectively.
Substituting Eq. (10) into Eq. (9), and usingMathematica, then equating to zero each coefficient of the same order power
of the exponential functions yields a set of equations as follows:
a1(y)[1+ η1(y)]2[k21(y)α(t)+ p1(y)q′1(t)] = 0,
a1(y)[1+ η1(y)][2a1(y)k1(y)α(t)− b1(y)k21(y)α(t)+ b1(y)p1(y)q′1(t)] = 0,
here and thereafter, the prime denotes the derivative with respect to the indicated variable, from which we have
a1(y) = b1(y)k1(y), q1(t) = − k
2
1(y)
p1(y)
∫ t
α(t)dt, k1(y) = k1(y), (11)
p1(y) = p1(y), w1(y) = w1(y), η1(y) = η1(y). (12)
We, therefore, obtain the 1-soliton solutions of system (1)
u(x, y, t) = b1(y)k1(y)e
ξ1
1+ b1(y)eξ1 + η1(y) , (13)
v(x, y, t) =
b1(y)k′1(y)eξ1 + b′1(y)k1(y)eξ1 + b1(y)k1(y)eξ1

xk′1(y)− 2k1(y)k′1(y)
 t
α(t)dt + w′1(y)

1+ b1(y)eξ1 + η1(y)
−
b1(y)k1(y)eξ1

b′1(y)eξ1 + b1(y)eξ1

xk′1(y)− 2k1(y)k′1(y)
 t
α(t)dt + w′1(y)

+ η′1(y)

[1+ b1(y)eξ1 + η1(y)]2 , (14)
where ξ1 = k1(y)x−k21(y)
 t
α(t)dt+w1(y), b1(y), k1(y),w1(y) and η1(y) are arbitrary differentiable functionswith respect
to y.
Next, we suppose that Eq. (9) has the 2-soliton solution in the general form
u(x, y, t) = a1(y)e
ξ1 + a2(y)eξ2
1+ b1(y)eξ1 + b2(y)eξ2 + η1(y)+ η2(y) , (15)
where ξi = ki(y)x+ pi(y)qi(t)+wi(y), ai(y), bi(y), ki(y), pi(y),wi(y), ηi(y) and qi(t) (i = 1, 2) are undetermined functions
of y and t , respectively.
Substituting Eq. (15) into Eq. (9), and usingMathematica, then equating to zero each coefficient of the same order power
of the exponential functions yields a set of equations as follows:
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a1(y)[1+ η1(y)+ η2(y)]2[k21(y)α(t)+ p1(y)q′1(t)] = 0,
a2(y)[1+ η1(y)+ η2(y)]2[k22(y)α(t)+ p2(y)q′2(t)] = 0,
a1(y)[1+ η1(y)+ η2(y)][2a1(y)k1(y)α(t)− b1(y)k22(y)α(t)+ b1(y)p1(y)q′1(t)] = 0,
a2(y)[1+ η1(y)+ η2(y)][2a2(y)k2(y)α(t)− b2(y)k22(y)α(t)+ b2(y)p2(y)q′2(t)] = 0,
[1+ η1(y)+ η2(y)]{[−a2(y)b1(y)+ 2a1(y)b2(y)]k21(y)α(t)+ 2a1(y)a2(y)k2(y)α(t)
+ [2a2(y)b1(y)− a1(y)b2(y)]k22(y)α(t)+ 2[a1(y)a2(y)− a2(y)b1(y)k2(y)− a1(y)b2(y)k2(y)]k1(y)α(t)
− a2(y)b1(y)p1(y)q′1(t)− a1(y)b2(y)p2(y)q′2(t)+ 2a1(y)b2(y)p1(y)q′1(t)+ 2a2(y)b1(y)p2(y)q′2(t)} = 0,
[a2(y)b1(y)− a1(y)b2(y)]{b1(y)k21(y)α(t)+ 2a1(y)k2(y)α(t)+ b1(y)k22(y)α(t)
− 2[a1(y)+ b1(y)k2(y)]k1(y)α(t)− b1(y)p1(y)q′1(t)+ b1(y)p2(y)q′2(t)} = 0,
−[a2(y)b1(y)− a1(y)b2(y)]{b2(y)k21(y)α(t)− 2a2(y)k2(y)α(t)+ b2(y)k22(y)α(t)
+2[a2(y)− b2(y)k2(y)]k1(y)α(t)+ b2(y)p1(y)q′1(t)− b2(y)p2(y)q′2(t)} = 0,
from which we have
ai(y) = bi(y)ki(y), qi(t) = −k
2
i (y)
pi(y)
∫ t
α(t)dt, ki(y) = ki(y), (16)
pi(y) = pi(y), wi(y) = wi(y), ηi(y) = ηi(y), i = 1, 2. (17)
Thus, from Eqs. (16) and (17) we determine the 2-soliton solutions of system (1)
u(x, y, t) = b1(y)k1(y)e
ξ1 + b2(y)k2(y)eξ2
1+ b1(y)eξ1 + b2(y)eξ2 + η1(y)+ η2(y) , (18)
v(x, y, t) =
b′1(y)k1(y)eξ1 + b1(y)k′1(y)eξ1 + b1(y)k1(y)eξ1

xk′1(y)− 2k1(y)k′1(y)
 t
α(t)dt + w′1(y)

1+ b1(y)eξ1 + b2(y)eξ2 + η1(y)+ η2(y)
+
b′2(y)k2(y)eξ2 + b2(y)k′2(y)eξ2 + b2(y)k2(y)eξ2

xk′2(y)− 2k2(y)k′2(y)
 t
α(t)dt + w′2(y)

1+ b1(y)eξ1 + b2(y)eξ2 + η1(y)+ η2(y)
−
[
2∑
i=1
bi(y)ki(y)eξi
] 
b′1(y)eξ1 + b1(y)eξ1

xk′1(y)− 2k1(y)k′1(y)
 t
α(t)dt + w′1(y)

+ η′1(y)

[1+ b1(y)eξ1 + b2(y)eξ2 + η1(y)+ η2(y)]2
−
[
2∑
i=1
bi(y)ki(y)eξi
] 
b′2(y)eξ2 + b2(y)eξ2

xk′2(y)− 2k2(y)k′2(y)
 t
α(t)dt + w′2(y)

+ η′2(y)

[1+ b1(y)eξ1 + b2(y)eξ2 + η1(y)+ η2(y)]2 , (19)
where ξi = ki(y)x − k2i (y)
 t
α(t)dt + wi(y), bi(y), ki(y), wi(y) and ηi(y) (i = 1, 2) are arbitrary differentiable functions
with respect to y.
We now suppose that the 3-soliton solution of Eq. (9) can be expressed as
u(x, y, t) = a1(y)e
ξ1 + a2(y)eξ2 + a3(y)eξ3
1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y) , (20)
where ξi = ki(y)x+ pi(y)qi(t)+wi(y), ai(y), bi(y), ki(y), pi(y),wi(y) and qi(t) (i = 1, 2, 3) are undetermined differentiable
functions of y and t respectively.
Substituting Eq. (20) into Eq. (9), and usingMathematica, then equating to zero each coefficient of the same order power
of the exponential functions yields a set of equations. There are totally 18 equations in the set of equations, 3 simple and
central ones are listed as follows:
a1(y)[1+ η1(y)+ η2(y)+ η3(y)]2[k21(y)α(t)+ p1(y)q′1(t)] = 0,
a2(y)[1+ η1(y)+ η2(y)+ η3(y)]2[k22(y)α(t)+ p2(y)q′2(t)] = 0,
a3(y)[1+ η1(y)+ η2(y)+ η3(y)]2[k23(y)α(t)+ p3(y)q′3(t)] = 0,
then the following results are obtained
qi(t) = −k
2
i (y)
pi(y)
∫ t
α(t)dt, ki(y) = ki(y), i = 1, 2, 3. (21)
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Next, we substitute Eq. (21) into each of the other equations and then three of them are simplified as
2a1(y)k1(y)α(t)[a1(y)− b1(y)k1(y)][1+ η1(y)+ η2(y)+ η3(y)] = 0,
2a2(y)k2(y)α(t)[a2(y)− b2(y)k2(y)][1+ η1(y)+ η2(y)+ η3(y)] = 0,
2a3(y)k3(y)α(t)[a3(y)− b3(y)k3(y)][1+ η1(y)+ η2(y)+ η3(y)] = 0,
from which we have
ai(y) = bi(y)ki(y), i = 1, 2, 3. (22)
Substituting Eq. (22) into the other simplified equations tells that qi(t) and ai(y) obtained above are exactly the solutions of
the original set of equations, and bi(y), ki(y), pi(y),wi(y) and ηi(y) are arbitrary differentiable functions with respect to y.
We finally determine the 3-soliton solutions of system (1)
u(x, y, t) = b1(y)k1(y)e
ξ1 + b2(y)k2(y)eξ2 + b3(y)k3(y)eξ3
1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y) , (23)
v(x, y, t) =
b1(y)k′1(y)eξ1 + b1(y)k1(y)eξ1

xk′1(y)− 2k1(y)k′1(y)
 t
α(t)dt + w′1(y)

1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y)
+
b2(y)k′2(y)eξ2 + b2(y)k2(y)eξ2

xk′1(y)− 2k2(y)k′2(y)
 t
α(t)dt + w′2(y)

1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y)
+
b3(y)k′3(y)eξ3 + b3(y)k3(y)eξ3

xk′3(y)− 2k3(y)k′3(y)
 t
α(t)dt + w′3(y)

1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y)
−
[
3∑
i=1
bi(y)ki(y)eξi
] 
b′1(y)eξ1 + b1(y)eξ1

xk′1(y)− 2k1(y)k′1(y)
 t
α(t)dt + w′1(y)

+ η′1(y)


1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y)
2
−
[
3∑
i=1
bi(y)ki(y)eξi
] 
b′2(y)eξ2 + b2(y)eξ2

xk′2(y)− 2k2(y)k′2(y)
 t
α(t)dt + w′2(y)

+ η′2(y)


1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y)
2
−
[
3∑
i=1
bi(y)ki(y)eξi
] 
b′3(y)eξ3 + b3(y)eξ3

xk′3(y)− 2k3(y)k′3(y)
 t
α(t)dt + w′3(y)

+ η′3(y)


1+ b1(y)eξ1 + b2(y)eξ2 + b3(y)eξ3 + η1(y)+ η2(y)+ η3(y)
2 , (24)
where ξi = ki(y)x− k2i (y)
 t
α(t)dt + wi(y), bi(y), ki(y),wi(y) and ηi(y) (i = 1, 2, 3) are arbitrary differentiable functions
with respect to y.
When we continue to construct the N-soliton solutions for any N ⩾ 4, the following similar manipulations becomes
complicated since equating to zero the coefficients of the exponential functions implies a highly nonlinear system as pointed
out in [34]. By analyzing the obtained solutions (13), (14), (18), (19), (23) and (24), we can obtain the uniform formula of
N-soliton solutions as follows:
u(x, y, t) =
N∑
i=1
bi(y)ki(y)eξi
1+
N∑
i=1
[bi(y)eξi + ηi(y)]
, (25)
v(x, y, t) =
N∑
i=1

b′i(y)ki(y)eξi + bi(y)k′i(y)eξi + bi(y)ki(y)eξi

xk′i(y)− 2ki(y)k′i(y)
 t
α(t)dt + w′i(y)

1+
N∑
i=1
[bi(y)eξi + ηi(y)]
−
[
N∑
i=1
bi(y)ki(y)eξi
]
N∑
i=1

b′i(y)eξi + bi(y)eξi

xk′i(y)− 2ki(y)k′i(y)
 t
α(t)dt + w′i(y)

+ η′i(y)


1+
N∑
i=1
[bi(y)eξi + ηi(y)]
2 , (26)
where ξi = ki(y)x − k2i (y)
 t
α(t)dt + wi(y), bi(y), ki(y), wi(y) and ηi(y) (i = 1, 2, . . . ,N) are arbitrary differentiable
functions with respect to y.
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Fig. 1. The time evolutional profiles of 2-peakons fission into a pair of 2-peakons for the physical quantity v(x, y, t) (19) with the choice of (27) at different
times: (a) t = −2; (b) t = −1.2; (c) t = −0.8; (d) t = −0.4; (e) t = 0; (f) t = 0.6.
If we set α(t) = 1, then solutions (25) and (26) give the N-soliton solutions of the system considered in [42], which
were not obtained there. If we set bi(y) = 1 (i = 1, 2, . . . ,N), then solutions (25) and (26) are equivalent to Geng
et al.’s solutions (16) and (17) in [44] obtained by Hirota’s bilinear method. It is easy to see that if we suppose solutions
(25) and (26) can be derived from Zheng and Chen’s solutions (8) and (9) in [43], one of the necessary conditions is
ki(y) = const. (i = 1, 2, . . . ,N). Owing to the arbitrariness of ki(y), solutions (25) and (26) are different from Zheng
and Chen’s and theymay possess rich structures. For example, we consider here the 2-soliton solution (19) with the choices
of α(t) = exp(t + 2), b1(y) = 1+ sech(y), b2(y) = 1+ 2 sech(y), ηi(y) = 0, wi(y) = 0 (i = 1, 2). If further choose
k1(y) = 1, k2(y) = 2, (27)
then we can obtain a kind of 2-peakons structure for the physical quantity v(x, y, t) (19) as shown in Fig. 1. From Fig. 1,
one can clearly see that the 2-peakons along the positive x-axis fission into a pair of 2-peakons. Both the high and the low
2-peakons are stable and do not undergo additional fission for subsequent times as we run program for longer periods. Such
a similar fission phenomena is reported in [42–44]. However, if choose
k1(y) = sech(0.03y+ 0.1), k2(y) = sech(0.04y− 0.2), (28)
then from Fig. 2 we can find the fusion phenomena for the physical quantity v(x, y, t) (19) in which the 2-peakons fuse into
the 2-solitary waves along the positive x-axis. More precisely, the positive one fuses into the negative solitary wave and
the other one fuses into the positive solitary wave. Neither of the fused 2-peakons emerges again for subsequent times if
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Fig. 2. The time evolutional profiles of 2-peakons fuse into the 2-solitary waves for the physical quantity v(x, y, t) (19) with the choice of (28) at different
times: (a) t = −2; (b) t = 0; (c) t = 1; (d) t = 1.6; (e) t = 2.6; (f) t = 3.2.
running program for longer periods. It is quite obvious that the shapes and amplitudes of the 2-solitary waves change with
time in the process of fusion.
Remark 1. Solutions (13), (14), (18), (19), (23), (24) obtained above have been checked withMathematica by putting them
back into the original system (1). To the best of our knowledge, theN-soliton solutions (25) and (26) with arbitrary functions
have not been reported in the literature.
4. Conclusions and discussions
In this paper, new and more general 1-soliton, 2-soliton and 3-soliton solutions with arbitrary functions of the (2+ 1)-
dimensional vcBK system have successfully been obtained, from which the uniform formulae of N-soliton solutions are de-
rived. This is due to the generalization of ansatz (4) and the characteristic of the vcBK system itself. The arbitrary functions in
the obtained solutions imply that these solutions have rich structures. Based on one of the obtained 2-soliton solution (19),
we reveal the fission and fusion phenomena between the peakons and solitary waves. Without using the bilinear deriva-
tive defined in Hirota’s bilinear method [2], the proposed method with the help of Mathematica for generating 1-soliton,
2-soliton and 3-soliton solutions (13), (14), (18), (19), (23), (24) is more simple and straightforward. The paper shows that
the Exp-function methodmay provide us with a straightforward, effective and alternative mathematical tool for generating
N-soliton solutions or testing its existence and can be extended to other NLEEs in mathematical physics.
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